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Construction of Large Sets of Pairwise Disjoint 
Transitive Triple Systems 
C. C. LINDNER* AND ANNE PENFOLD STREETt 
A transitive triple is a collection of three ordered pairs of the form {( a, b), (b, c), (a, c)}, where 
a, b, c are all distinct. A transitive triple system (TfS) of order v is a pair (S, T) where S is a set 
containing v elements and T is a collection of transitive triples of elements of S such that every 
ordered pair of distinct elements of S belongs to exactly one transitive triple of T. For all v'" 0 
or 1 (mod 3), it is well-known that a TIS exists, and that ITI=v(v-I)/3. Since there are 
altogether v( v -1)( v - 2) transitive triples of elements of S, it is natural to ask whether the 
collection of all transitive triples can be partitioned into 3( v - 2) pairwise disjoint TfSs, or failing 
that, to find the largest positive integer D(v) for which D(v) pairwise disjoint TISs of order v 
exist. We show that D(3v);;.6v+D(v), and D(3v+l);;.6v+D(v+1), for v;;. 2. 
1. INTRODUCTION 
In what follows an ordered pair will always be an ordered pair (x, y) where x,e y. A 
transitive triple is a collection of three ordered pairs of the form {(a, b), (b, c), (a, c)} 
which we will always denote by (a, b, c). We will also refer to an ordered pair (x, y), 
x,e y, as an edge. A transitive triple system (TIS) is a pair (S, T) where S is a set containing 
v elements and T is a collection of transitive triples of elements of S such that every 
ordered pair of distinct elements of S belongs to exactly one transitive triple of T. The 
number lSI = v is called the order of the TIS (S, T) and it is well-known that the spectrum 
for TISs is the set of all v == 0 or 1 (mod 3). Further, it is a trivial exercise to see that if 
(S, T) is a TIS of order v the!). I TI = v( v -1)/3. 
For example, the pairs (S1> Tl ), (S2, T2), and (S3, T3) defined as follows are TISs: 
and 
SI ={1, 2, 3}, 
S2={l,2,3,4}, 
S3 ={l, 2, 3, 4, 5, 6}, 
Tl ={(1, 2, 3), (3,2, I)}; 
T2 ={(1, 2, 3), (2,1,4), (4, 3, 1), (3, 4, 2)}; 
T3 ={(1, 2, 3), (2,1,4), (3,1,5), (4, 1,6), (5, 6,1), 
(6,2,5), (3, 2, 6), (4, 5, 2), (5, 3, 4), (6, 4, 3)}. 
Now, if S is a set of size v and T(S) is the set of all transitive triples of S, then 
I T(S)I = v( v -1)( v - 2). In view of the fact that a TIS of order v is equipped with 
v( v -1)/3 transitive triples, the following problem is natural: Given a set S of size v == 0 
or 1 (mod 3), is it always possible to partition T(S) (the set of all transitive triples of S) 
into 3( v - 2) subsets T1> T2, . .. , T 3(v-2) so that each of (S, T l ), (S, T2), ... , (S, T 3(V-2» 
is a TIS? Such a collection of TISs is called a large set of pairwise disjoint TISs. (Two 
TISs (S, Tl ) and (S, T2) are said to be disjoint provided that Tl n T2 = 0.) Barring the 
existence of a large set of pairwise disjoint TISs of order v, we can ask for the largest 
positive integer D( v) for which D( v) pairwise disjoint TISs of order v exist. As far as 
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the authors can tell this is the first attack on this problem. In particular we prove that 
D(3v)~6v+D(v) and D(3v+1)~6v+D(v+1) 
for all v ~ 2 where, of course, D( v) and D( v + 1) are zero whenever v or v + 1 ~O or 1 
(mod 3), respectively. 
We remark that an extensive amount of work has been done on the similar problem 
for Steiner triple systems; that is, the construction of large sets of pairwise disjoint Steiner 
triple systems. This problem remains far from settled however and, rather than going 
into a detailed history, the reader is referred to the excellent survey article by A. Rosa 
[5] for an account of constructing large sets of pairwise disjoint Steiner triple systems, 
and to subsequent work of Lu Jia-Xu [4]. The problem of constructing large sets of 
pairwise disjoint Mendelsohn triple systems was tackled by C. C. Lindner in [2] where 
it was shown that D(v)~[2v/3] for all v=O or 1 (mod 3), except possibly v=18. We 
remark that in the case of Mendelsohn triple systems (as with Steiner triple systems) a 
large set of pairwise disjoint Mendelsohn (Steiner) triple systems of order v consists of 
v - 2 Mendelsohn (Steiner) triple systems. To the best of the authors' knowledge the 
results in [2] on the construction of pairwise disjoint Mendelsohn triple systems are the 
best to date. 
2. LARGE SETS OF TTSs FOR V = 3, 4, 6 AND 7 
In this section, a transitive triple (a, b, c) is abbreviated to abc. 
The six transitive triples of three elements give a unique large set of TTSs: {123, 321}, 
{231, 132}, {312, 213}. Tables 1, 2, and 3 show large sets of TTSs for v = 4, 6, and 7 
respectively. 
123 
342 
214 
431 
213 
314 
415 
51& 
612 
325 
436 
542 
653 
264 
312 
413 
514 
615 
216 
523 
634 
245 
356 
462 
TABLE 1 
A large set of transitive triple systems of order 4 
124 
432 
213 
341 
134 
423 
312 
241 
TABLE 2 
132 
243 
314 
421 
143 
324 
412 
231 
A large set of transitive triple systems of order 6 
324 435 546 651 
425 536 641 152 
526 631 142 253 
621 132 243 354 
123 234 345 456 
531 541 153 163 
64~ 652 265 214 
154 164 316 326 
365 215 521 431 
416 426 632 642 
423 534 645 156 
524 635 146 251 
625 136 241 352 
126 231 342 453 
321 432 543 654 
135 145 351 361 
346 256 562 412 
451 461 613 623 
563 512 125 134 
614 624 236 246 
142 
234 
413 
321 
162 
263 
364 
465 
561 
315 
421 
532 
143 
254 
261 
362 
463 
564 
165 
513 
124 
235 
341 
452 
A 
A 
A 
B 
C 
D 
E 
B 
B 
B 
A 
C 
D 
E 
A 
C 
C 
D 
D 
E 
E 
B 
C 
C 
D 
D 
E 
E 
124 
137 
156 
467 
345 
257 
236 
... 
431 
621 
751 
532 
654 
742 
763 
436 
312 
617 
357 
247 
514 
265 
... 
563 
213 
716 
642 
752 
415 
734 
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TABLE 3 
A large set of transitive triple systems of order 7 
235 346 457 561 672 713 
241 352 463 574 615 726 
267 371 412 523 634 745 
571 612 723 134 245 356 
456 567 671 712 123 234 
361 472 513 624 735 146 
347 451 562 673 714 125 
.. . ... . . . . . . . .. . . . 
542 653 764 175 216 327 
732 143 254 365 476 517 142 A 
162 273 314 425 536 647 253 A 
643 754 165 276 317 421 364 A 
765 176 217 321 432 543 475 A 
153 264 375 416 527 631 516 A 
174 215 326 437 541 652 627 A 
731 A 
547 651 762 173 214 325 413 B 
423 534 645 756 167 271 524 B 
721 132 243 354 465 576 635 B 
461 572 613 724 135 246 746 B 
351 462 573 614 725 136 157 B 
625 736 147 251 362 473 261 B 
376 417 521 632 743 154 372 B 
... ... . .. .. . . . , . .. 
674 715 126 237 341 452 
324 435 546 657 761 172 
127 231 342 453 564 675 
753 164 275 316 427 531 
163 274 315 426 537 641 
526 637 741 152 263 374 
145 256 367 471 512 623 
For v = 4, each unordered triple appears in each TIS. The ordering of each triple is 
so chosen that the permutations (12)(34), (13)(24), and (14)(23) fix two TISs each. 
For v = 6, the unordered triples fall into four cyclic sets: 
A ={123+ il i =0, ... , 5}; 
C ={125+ il i =0, ... , 5}; 
B ={l24+ il i =0, ... , 5}; 
D ={135+ il i =0, 1}. 
.Three unordered triples from each of A, B, and C, and one from D appear in each TIS 
~ Table 2. The ordering of each triple is so chosen that in each TIS some element occurs s the second element of five transitive triples (in contrast to the TISs constructed in [ ]). The first six TISs form a cyclic set; the remaining six are constructed by reversing 
the triples of the original six. 
For v = 7, the unordered triples fall into five cyclic sets: A = {124+ iii = 0, ... , 6} and 
B = {134 + iii = 0, ... ,6}, each of which forms a Steiner triple system; C = 
{123+ il i =0, ... , 6}, D ={135+il i =0, ... , 6} and E ={147+ il i =0, ... , 6}, each of 
which is in arithmetic progression. The unordered triples of each TIS of Table 3 can be 
partitioned into disjoint Steiner triple systems, as shown by the dotted lines; the lettering 
indicates the cycle to which the triple belongs. The TIS consisting of the triples of A 
and B is cyclically ordered; the other 14 TISs fall into two cyclic sets. 
These properties simplify checking that we have in fact large sets of TISs. 
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3. TRANSITIVE QUASIGROUPS 
The following definition may seem a bit contrived at first but, as we shall see, it is 
exactly what is needed for all of the constructions in the next two sections. 
Let (0,0) be an idempotent quasigroup and for each ordered pair (i, j) where i ~ 
jE{I,2,3} define a collection T(i,j) of transitive triples of OX{i,j} as follows: for 
each ordered pair (x, y), x ~ YEO, let t(x, y) be the three transitive triples of Ox {i, j} 
defined by 
t(x, y) ={«x 0 y,j), (x, i), (y, i», «x, i), (x 0 y,j), (y, i», «x, i), (y, i), (x 0 y,j»} 
and set 
T(i,j) = U t(x, y). 
all 
X"YEQ 
The quasigroup (0,0) is called transitive provided that T(i, j) can be partitioned into 
three sets Tb T2 , and T3 such that: 
(a) the three transitive triples in each t(x, y) belong to different ~s; 
(b) if a ~ b E 0, each of the edges « a, i), (b, j» and « b, j), (a, i» belongs to exactly one 
transitive triple in each of Tb T2 , and T3. 
It is worth noting that T(i, j) and T(j, i) are not the same and, in fact, are disjoint. 
EXAMPLE 3.1. Let (0, 0) be the quasigroup defined by the accompanying table. 
0 1 2 3 4 
1 1 3 4 2 
2 4 2 1 3 
3 2 4 3 1 
4 3 1 2 4 
Then T(1, 2) = Uall X"YEQ t(x, y), where: 
and 
t(1, 2) ={(32, 11, 21), (11, 32, 21), (11, 21, 32)}, 
t(2, 1) = {(42, 21,11), (21,42,11), (21,11, 42)}, 
t(l, 3) = {(42, 11,31), (11, 42, 31), (11, 31, 42)}, 
t(3, 1) = {(22, 31,11), (31, 22,11), (31, 11, 22)}, 
t(1, 4) = {(22, 11,41), (11, 22,41), (11, 41, 22)}, 
t(4, 1) ={(32, 41,11), (41, 32,11), (41, 11, 32)}, 
t(2, 3) ={(12, 21, 31), (21, 12, 31), (21, 31, 12)}, 
t(3, 2) ={(42, 31, 21), (31, 42, 21), (31, 21, 42)}, 
t(2, 4) ={(32, 21, 41), (21, 32, 41), (21, 41, 32)}, 
t(4, 2) ={(12, 41,21), (41,12,21), (41, 21, 12)}, 
t(3, 4) ={(12, 31, 41), (31,12,41), (31,41, 12)}, 
t(4, 3) ={(22,41, 31), (41, 22, 31), (41, 31, 22)}, 
where the ordered pair (a, b) is denoted by abo A straightforward check now shows that 
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the sets Tl> T2 , and T3 given below satisfy the requirements for (Q, 0) to be transitive. 
Tl ={(32, 11,21), (42, 21,11), (12, 31, 41), (22,41,31), 
(11,42,31), (31, 22,11), (21, 32,41), (41,12,21), 
(11,41,22), (41,11,32), (21, 31,12), (31,21, 42)}, 
T2 ={(11, 32, 21), (21, 42,11), (31, 12,41), (41, 22, 31), 
(11,31,42), (31,11,22), (21, 41, 32), (41, 21, 12), 
(22,11,41), (32, 41,11), (12, 21, 31), (42, 31, 21)}, 
T3 ={(11, 21, 32), (21,11,42), (31,41,12), (41, 31, 22), 
(42,11,31), (22, 31, 11), (32,21,41), (12,41,21), 
(11,22,41), (41, 32,11), (21,12,31), (31,42, 21)}. 
The above example, apart from illustrating the definition of a transitive quasigroup, 
plays a crucial role in the proof of the following theorem. 
THEOREM 3.2. A transitive quasigroup of order v exists for every v;;. 3 except possibly 
6 and 8. 
PROOF. To begin with every idempotent commutative quasigroup is transitive. This 
is quite easy to see. Let (Q, 0) be such a quasigroup (necessarily of odd order). Then for 
each x ¥- y E Q, 
t(x, y) ={«x 0 y, j), (x, i), (y, i)), «x, i), (x 0 y, j), (y, i)), «x, i), (y, i), (x 0 y, j))} 
and 
t(y, x) ={«y 0 x,j), (y, i), (x, i)), «y, i), (y 0 x,j), (x, i)), «y, i), (x, i), (y 0 x, j))} 
where, of course, x 0 y = y 0 x. Placing 
«x 0 y, j), (x, i), (y, i)) and «y, i), (x, i), (y 0 x, j)) in Tl> 
«x, i), (x 0 y, j), (y, i)) and «y, i), (y 0 x, j), (x, i)) in Tz, 
and 
«x, i), (y, i), (x 0 y, j)) and «x 0 y, j), (y, i), (x, i)) in T3 
certainly satisfies condition (1). Now if x¥- Z E Q, there exists a unique y ¥- x belonging 
to Q such that x 0 y = y 0 x = z [since (Q, 0) is idempotent and commutative]. It is 
immediate that each of the edges «x, i), (z, j)) and «z, j), (x, i)) belongs to exactly one 
transitive triple in each of the sets T1, Tz, and T3 defined above and so condition (2) is 
satisfied. This takes care of every odd v;;. 3. 
To handle the cases where v is even, we shall need a pairwise balanced design (PBD) 
and a group divisible design (GDD), where every pair of distinct elements belongs to 
exactly one block of the design. We need first to prove that the spectrum for transitive 
quasigroups is PBD-cIosed. So, let (P, B) be a PBD such that if bE B then I bl is the 
order of a transitive quasigroup. Now define a transitive quasigroup on each block bE B 
(remember that a transitive quasigroup is idempotent) and denote by T( b(i, j)) the set 
of transitive triples on b x{i, j} determined by this quasigroup, and by T1(b), T2(b), and 
T3(b) any partition of T(b(i, j)) satisfying conditions (1) and (2). If (P, @) is the quasigroup 
determined by the quasigroups defined on the blocks of B, then T(i, j) = UallbEB T(b(i, j)) 
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is the set of transitive triples of P X{i, j} determined by (P, ®), and TI = UallbEB TI(b), 
T2=UallbEB T2(b), and T3=UallbEB T3(b) is a partition of T(i,j) satisfying conditions 
(1) and (2). Our tack is now straightforward. Let v be even and v ~ 10, v ,t:.14. Then we 
can always write v = 3m + t, where m and t are odd and 1 ~ t ~ m. Since there are at 
least two orthogonal latin squares of order m there is a GDD of order v = 3m + t with 
three groups of size m, one group of size t, and blocks of sizes 3 and 4. Since there are 
transitive quasigroups of orders m, t, 3, and 4 there is a transitive quasigroup of order 
v = 3m + t. If v = 14, taking three mutually orthogonal latin squares of order 4 gives a 
GDD with five groups of size 4. Cutting three points out of each of two groups gives a 
PBD with block sizes 3, 4, and exactly one block of size 5. As before, we construct a 
transitive quasigroup of order 14. 
4. BASIC CONSTRUCTIONS 
The following two constructions and variants of them are the basic ingredients in 
everything that follows. Let Q, be any transversal of any latin square of order v based 
on Q ={1, 2, ... , v}. We will write 
( 
1 2 3 ... V) 
Q, = Xl X2 X3 ... XV 
YI Y2 Y3 ... Yv 
to indicate that Q, consists of the cells (1, Xl), (2, X2),'" ,(v, xv) and that cell (i, Xi) is 
occupied by Yj. We define three permutations a, {3, and 'Y by 
a =( 1 2 3 ~), Xl X2 X3 
( Xl X2 X3 Xv) , {3= 
YI Y2 Y3 Yv 
'Y = (~l Y2 Y3 :v). 2 3 
Now let (Q, 0) be a transitive quasigroup and denote by A(i, j), B(i, j), and C(i, j) any 
partition of the transitive triples T(i, j) determined by (Q, 0) [satisfying conditions (1) 
and (2) of course] and, if 1T is any permutation, by A(i,j)1T, B(i,j)1T, and C(i,j)1T the 
transitive triples obtained by replacing each occurrence of (x, j) with (X1T, j). 
The v ~ 3v construction. Set S = Q X{l, 2, 3} and define three collections of transitive 
triples Tb T2, and T3 as follows: 
(1) For each i = 1, 2, ... , v denote by VIi, V2j, and V3j three pairwise disjoint TTSs 
of order 3 (a large set) defined on {(i, 1), (Xj, 2), (Yj, 3)} and require VIi 5; TI, V2j 5; T2, 
and V3j 5; T3; and either 
(2) 
and 
or 
(3) 
A(l, 2)a u A(2, 3){3 u A(3, 1)y 5; Tb 
B(l, 2)a u B(2, 3){3 u B(3, l)'Y 5; T2, 
C(1, 2)a u C(2, 3){3 u C(3, 1)y 5; T3; 
A(1, 3)y-1 uA(3, 2){3-1 u A(2, l)a- l 5; TI , 
B(1, 3)y-1 u B(3, 2){3-1 u B(2, l)a- l 5; T2, 
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and 
C(I, 3)-y-1 U C(3, 2)13-1 u C(2, l)a- 1 ~ T3. 
Note: The collection of transitive triples of type (2) and the collection of transitive triples of 
type (3) are disjoint. 
It is straightforward to see that, regardless of whether transitive triples of types (1) 
and (2) or types (1) and (3) are used, (S, T I ), (S, T 2), and (S, T 3) are pairwise disjoint 
TTSs of order 3 v. . 
The v~3v+l construction. Set S={oo}u(Ox{l,2,3}) where 00 is a symbol which 
does not belong to 0 x {l, 2, 3} and define six collections of transitive triples Tl> T2 , T3 , 
T 4, Ts, and T6 as follows: 
(1) For each i = 1, 2, ... , v denote by Vii' V2i, V3i, V4i, VSi, and V6i six pairwise 
disjoint TTSs of order 4 (a large set) defined on {oo, (i, 1), (Xi' 2), (Yi, 3)} and require 
Vii ~ T I , V2i ~ T 2, V3i ~ T 3, V4i ~ T 4, VSi ~ Ts, and V6i ~ T 6; and 
(2) 
and 
A(1, 2)a u A(2, 3)13 u A(3, 1) 'Y <; Tit 
A(1, 3)-y -I u A(3, 2)13-1 u A(2, l)a -I ~ T2, 
B(1, 2)a u B(2, 3)13 u B(3, 1)-y <; T3, 
B(1, 3)-y-1 u B(3, 2)13-1 u B(2, l)a- 1 ~ T4 , 
C(I, 2)a u C(2, 3)13 u C(3, 1)'Y <; Ts, 
C(1, 3)-y- 1 u C(3, 2)13-1 u C(2, 1)a-1 ~ T6 • 
As with the v ~ 3 v construction there is no difficulty in showing that (S, Td, (S, T2), 
(S, T 3), (S, T 4), (S, T s), and (S, T 6) are pairwise disjoint TTSs of order 3 v + 1. 
THEOREM 4.1. D(3v) ~ 6v+ D(v) for all v ~ 3, v ~ 6 or 8. 
PROOF. Let L be a latin square of order v based on 0 ={1, 2, 3, ... , v} having v 
pairwise disjoint transversals 0 1, O2 , • •• , Ov (equivalent to a pair of orthogonal latin 
squares of order v). Denote Ok by 
( 
1 2 3 ... V) 
Ok = Xlk X2k X3k ... Xvk 
Ylk Y2k Y3k ... Yvk 
and let CT be the cyclic permutation of length v defined by CT = (123 ... v). For each 
k = 1, 2, ... , v define six permutations ak> 13k> 'Yk> at, f3t, and 'Yt on 0 by: 
2 3 x~J, 
(Xlk X2k X3k XVk) , 13k = 
Ylk Y2k Y3k Yvk 
(Ylk Y2k Y3k Y~k) , 'Yk = 2 3 1 
where yi'k = YikCT• 
Define 6v + D( v) TTSs as follows: 
2 
f3t=(Ytk Y!k 
Xlk X2k 
* _ (Xlk X2k 
'Yk - 2 1 
3 
Y!k 
X3k 
X3k 
3 
v ) 
* ' Yvk 
Y~k) , 
Xvk 
X~k), 
(1) For each k =:: 1, 2, ... , v, using ak, 13k> and 'Yk and triples of types (1) and (2) in 
the v ~ 3v construction gives three pairwise disjoint TTSs. It is immediate that if i ~ j 
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each of the three TTSs obtained from Oi is disjoint from each of the three TTSs obtained 
from Or This gives 3v pairwise disjoint TTSs. 
(2) If we denote by Lu the latin square obtained from L by replacing each entry x 
with xu and by OkU the transversal obtained from Ok by replacing Yik with y;'k = YikU, 
then 0 1 U, OZU, ... , OvU are v pairwise disjoint transversals which partition Lu. Using 
a ~, 13 ~, and r~ and triples of types (1) and (3) in the v .. d v construction gives an 
additional3v pairwise disjoint TTSs each of which is disjoint from each of the TTSs in (1). 
(3) Let (0, t1 ), (0, t2 ), and (0, t3 ) be any three pairwise disjoint TTSs and denote by 
Lu\ k E {2, 3, ... , v -I}, the latin square obtained from L by replacing each entry x with 
xu
k
• Denote by Yi; the entry in cell (i, j) of L and by Vii;' V2i;, and V 3i; three pairwise 
disjoint TTSs of order 3 defined on {(i, 1), (j, 2), (YiP·k, 3)}. Define three collections of 
transitive triples T 1, T z, and T3 of S by Vii; s;; Tb VZij s;; T z, and V3ij S;; T 3 , all i, j E 
{I, 2, ... , v}, and for each i = 1,2,3 define a copy of ti on each of 0 x{l}, 0 X{2}, and 
o x {3} and place these transitive triples in T i. Clearly each of the TTSs (S, T 1), (S, T 2), 
and (S, T3 ) is disjoint from each of the 6v TTSs constructed in (1) and (2). Now if k ~ k*, 
each of the TTSs constructed with k is disjoint from each of the TTSs constructed with 
k*. Since we have the v - 2 values {2, 3, ... , v -I} to choose from and D( v) ~ 3( v - 2), 
this construction will always produce D( v) pairwise dis joint TTSs of order 3 v, each of 
which is disjoint from each of the 6v TTSs constructed in (1) and (2). 
THEOREM 4.2. D(3v+ l)~ 6v+ D(v+l) for all v~ 3. 
PROOF. Let L be as in Theorem 4.1 and define 6v+D(v+1) TTSs as follows: 
(1) For each k=I,2, ... , v, using ab ak"\ 13k> 13,/, rk, and rk"1 in the v~3v+l 
construction gives six pairwise disjoint TTSs. If i ~ j each of the six TTSs obtained from 
Oi is disjoint from each of the six TTSs obtained from OJ. This gives 6v pairwise disjoint 
TTSs. 
(2) Let ({oo}u 0, t1), ({oo}u 0, t2), and ({oo}u 0, t3) be any three pairwise disjoint 
TTSs and for each k E {l, 2, ... , v -I} define three pairwise disjoint TTSs (S, T1), (S, T2), 
and (S, T3 ) as in part (3) of Theorem 4.1, remembering that here S = {oo}u (0 x {l, 2, 3}) 
and so for ~ach i = 1, 2, 3 we define a copy of ti on each of {oo}u(ox{l}), {oo}u (OX{2}), 
and {oo} u ( 0 x {3}). Since we can choose k from the set {l, 2, .. , v-I} [k was restricted 
to {2, 3, ... , v -I} in part (3) of Theorem 4.1] and D( v + 1) ~ 3( v -1), this construction 
will always produce D( v + 1) pairwise disjoint TTSs of order 3v + 1, each of which is 
disjoint from each of the 6v TTSs constructed in part (1). 
Combining (1) and (2) proves the theorem except in the cases v = 6 and v = 8, that is, 
except in the cases where the order of the TTS is 19 or 25. These cases are easily handled 
as follows. In [1] Denniston has shown the existence of large sets of pairwise disjoint 
Steiner triple systems of orders 19 and 25; that is, 17 pairwise disjoint Steiner triple 
systems of order 19 and 23 pairwise disjoint Steiner triple systems of order 25. In each 
Steiner triple system of these collections, if we replace each triple with three pairwise 
disjoint TTSs, each Steiner triple system splits into three pairwise disjoint TTSs. This, of 
course, splits the large set of 17 Steiner triple systems of order 19 into 51 pairwise disjoint 
TTSs of order 19 (a large set) and the large set of 23 Steiner triple systems of order 25 
into 69 pairwise disjoint TTSs of order 25 (a large set). 
5. THE CASES V = 18 AND 24 
In this section we plug up the holes in Theorem 4.1 by showing that D(18) = 48 = 
6·6+12=6·6+D(6) and D(24)=48=6·8+0=6·8+D(8). Before plunging in we will 
need the following observation. Let (N,O) be a transitive quasigroup and (A, 0) any 
Disjoint transitive triple systems 343 
quasigroup (not necessarily transitive). Set Q = A x N and define a partial binary operation 
o on Q by: 
(a, x) 0 (b, y) is defined and (a, x) 0 (b, y) = (a ° b, x 8 y) 
if and only if x ¥ y. Now if we define a collection of transitive triples T(i, j) of Q x{l, 2, 3} 
as in section 3 using the partial quasigroup (Q, 0) then, because (N, 8) is transitive, 
T(i,j) can be partitioned into three sets A(i,j), B(i,j), and C(i,j) such that: 
(a) if (a, x), (b, y) E Q, x ¥ y, each of the sets A(i, j), B(i, j), and C(i, j) contains a 
transitive triple of t«a, x), (b, y», and 
(b) if (a,x), (b,Y)EQ, x¥y, each of the edges «(a, x), i), «b,y),j)) and 
«(b, y),j), «a, x), i)) belongs to exactly one transitive triple in each of A(i,j), B(i,j), 
and C(i,j). 
D(18) =48. Let X={1,2}, Y={3,4}, Z={5,6}, Q={1,2,3,4,5,6}, and S= 
Q X{I, 2, 3}. Let (Q, °1) and (Q, °2) be the partial quasigroups of order 6 defined by: 
°t 1 2 3 4 5 6 °2 1 2 3 4 5 6 
1 5 6 3 4 1 6 5 4 3 
2 6 5 4 3 2 5 6 3 4 
3 5 6 1 2 3 6 5 2 1 
4 6 5 2 1 4 5 6 1 2 
5 3 4 1 2 5 4 3 2 1 
6 4 3 2 1 6 3 4 1 2 
Then each of ( Q, °1) and ( Q, °2) is the partial direct product of the transitive quasigroup 
of order 3 (there is only one) and a quasigroup of order 2. Denote by Tk(i, j), k = 1, 2, 
the collection of transitive triples of Q X{I, 2, 3} using the partial quasigroup (Q, ok) and 
by Adi,j), Bk(i,j), and Ck(i,j) a partition of Tdi,j) into three sets satisfying (a) and 
(b) above. Further, let QIo Q2, and Q3 be defined by: 
Q'~(: 2 3 4 5 ;). 2 3 4 5 
2 3 4 5 
Q'~(~ 2 3 4 5 !). 4 5 6 1 6 1 2 3 
Q'~(~ 2 3 4 5 ~). 6 1 2 3 4 5 6 1 
Finally, define ai, f3i' and ri, i = 1, 2, 3, as in Theorem 4.1 and define 48 TTSs of order 
18 as follows. 
(1) Define 12 collections of transitive triples Tlo T2 , • •• , Tt2 in the following way: 
Let VI, V2, ... , V I2 be a large set of pairwise disjoint TTSs on xx{1, 2, 3}; 
V~, V;, ... , V~2 a large set of pairwise disjoint TTSs on YX{I,2,3}; and 
Vr, V;, ... , Vr2 a large set of pairwise disjoint TTSs on ZX{I, 2, 3}; and require 
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A 1(1, 2)al u A I(2, 3),81 u AI (3,1)"1 £; T1> 
A 2(1, 2)al u A 2(2, 3),81 u A 2(3, 1)"1 £; T2 , 
A I(1, 3)"11 u A I (3, 2),811 u A I(2, 1)a11 £; T3 , 
A 2(1, 3)"11 u A 2(3, 2),811 u A 2(2, 1)al1 £; T4 , 
B I (1, 2)al u B 1(2, 3),81 u B 1(3, 1)"1 £; T5 , 
B2(1 , 2)al u B2(2, 3),81 u B2(3, 1)"1 £; T6 , 
BI (1,3)"11 uBI (3,2),811 uBI (2, 1)a II £; T7 , 
B 2(1, 3)"11 u B 2(3, 2),811 u B 2(2 , 1)al1 £; Tg , 
C1(1, 2)al u CI(2, 3),81 u CI(3, 1),.1 £; T9 , 
C2(1, 2)al u C2(2, 3),81 u C2(3, 1)"1 £; Tw , 
CI(1, 3)"11 u C1(3, 2),811 u C1(2, 1)al1 £; Tu , 
C2(1, 3)"11 u C2(3 , 2),811 u C2(2, 1)a11 £; T 12• 
(2) Define 12 collections of transitive triples exactly as in (1) substituting 
and 
(X x{1}) u (Y X{2}) u (Zx{3}) 
(X X{2}) u (Y X{3}) u (Zx{1}) 
(XX{3})u (Yx{1}) u (zx{2}) 
and a 2, ,82, and 'Y2 for aI, ,81, and 'YI' 
for 
for 
for 
XX{1,2,3}; 
YX{1,2,3}; 
ZX{1, 2, 3}; 
(3) Define 12 collections of transitive triples exactly as in (1) substituting 
(X x{1}) u (Y X{3})u (ZX{2}) 
(X X{2}) u (Y x{1}) u (ZX{3}) 
(XX{3}) u (YX{2})u (zx{1}) 
a3, ,83, and 'Y3 for a 1> ,81> and 'YI' 
for 
for 
for 
XX{1, 2, 3}; 
YX{1, 2, 3}; and 
ZX{1, 2, 3}; and 
(4) Let (Q, tl ), (Q, t2 ), •• • , (Q, td be a large set of pairwise disjoint TTSs of order 6 
and let (Q, ( 1), (Q, ( 2), (Q, ( 3) , and (Q, ( 4 ) be the four quasigroups defined as follows: 
0 . 1 2 3 4 5 6 O2 1 2 3 4 5 6 
1 3 4 1 2 5 6 1 4 3 2 1 6 5 
2 4 3 2 1 6 5 2 3 4 1 2 5 6 
3 1 2 5 6 3 4 3 2 1 6 5 4 3 
4 2 1 6 5 4 3 4 1 2 5 6 3 4 
5 5 6 3 4 1 2 5 6 5 4 3 2 1 
6 6 5 4 3 2 1 6 5 6 3 4 1 2 
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@3 1 2 3 4 5 6 ®4 1 2 3 4 5 6 
1 5 6 3 4 1 2 1 6 5 4 3 2 1 
2 6 5 4 3 2 1 2 5 6 3 4 1 2 
3 3 4 1 2 5 6 3 4 3 2 1 6 5 
4 4 3 2 1 6 5 4 3 4 1 2 5 6 
5 1 2 5 6 3 4 5 2 1 6 5 4 3 
6 2 1 6 5 4 3 6 1 2 5 6 3 4 
Now let Viii' V Zii' and V 3ii be three pairwise disjoint TfSs of order 3 defined on 
{(i, 1), (j, 2), (i ® I j, 3)} and define three collections of transitive triples TJ> Tz, and T3 
by Viii ~ TI> V Zii ~ Tz, and V 3ii ~ T3 , all i, j E {I, 2, 3, 4, 5, 6}, and for each i = 1, 2, 3 
define a copy of ti on each of Q x {I}, Q x {2}, and Q x {3} and place these transitive 
triples in Ti• Repeating this process with (Q, t4), (Q, ts), (Q, t6)' (Q, ®z); (Q, t7)' (Q, ts), 
(Q, t9)' (Q, (3); and (Q, tlO)' (Q, (11 ), (Q, t12 ), (Q, (4) gives an additional nine TfSs. 
Collecting up the TfSs in (1), (2), (3), and (4) gives a large set of 48 pairwise disjoint 
TfSs of order 18. 
D(24) = 48. Let X={1,2}, Y={3,4}, Z={5,6}, W={7,8}, Q={1,2,3,4,5,6, 
7,8}, and S=Ox{1,2,3}. Let (0,°1) and (O,oz) be the partial quasigroups of order 8 
defined by: 
°1 1 2 3 4 5 6 7 8 °z 1 2 3 4 5 6 7 8 
1 5 6 7 8 3 4 1 6 5 8 7 4 3 
2 6 5 8 7 4 3 2 5 6 7 8 3 4 
3 7 8 1 2 5 6 3 8 7 2 1 6 5 
4 8 7 2 1 6 5 4 7 8 1 2 5 6 
5 3 4 7 8 1 2 5 4 3 8 7 2 1 
6 4 3 8 7 2 1 6 3 4 7 8 1 2 
7 5 6 1 2 3 4 7 6 5 2 1 4 3 
8 6 5 2 1 4 3 8 5 6 1 2 3 4 
Then each of (0, °1) and (0, °z) is the partial direct product of the transitive quasigroup 
of order 4 in Example 3.1 and a quasigroup of order 2. For k= 1 or 2 define Tk (i, j) and 
Ak(i, j), Bk(i, j), and ek(i, j) as before and let 01> Oz, 0 3 , and 04 be defined by: 
Q'~(: 2 3 4 5 6 7 :). 2 3 4 5 6 7 2 3 4 5 6 7 
Q,~ (~ 2 3 4 5 6 7 ;). 4 1 2 7 8 5 
6 7 8 1 2 3 
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Q'=(~ 2 3 4 5 6 7 ~), 6 7 8 1 2 3 8 5 6 3 4 1 
Q'=(~ 2 3 4 5 6 7 ~) 8 5 6 3 4 1 4 1 2 7 8 5 
Finally, define ai, /3;, and 1i, i = 1, 2, 3,4, as in Theorem 4.1 and define 48 TISs of order 
24 in four collections of 12 TTSs analogous to (1), (2), and (3) in the construction for 
v=18 above. Since D(8)=0 we need go no further. 
We can now remove v -;6 6 or 8 from the statement of Theorem 4.1. 
THEOREM 5.1. D(3v) ~ 6v+ D(v) for all v ~ 1. 
6. CONCLUDING REMARKS 
Beginning with u = 3, Theorems 4.2 and 5.1 coupled with the fact that a large set of 
pairwise disjoint Steiner triple systems of order u exists for all u == 1 or 3 (mod 6) such 
that 9.;;; u';;; 99 (except possibly u = 85) gives a large set of pairwise disjoint TTSs of every 
order u == 0 or 1 (mod 3) such that 9.;;; u .;;;100, except possibly for u = 22,24,40,42,58, 
60, 64, 66, 70, 72, 76, 78, 85, 94, and 96. 
It is worth noting that Theorems 4.2 and 5.1 produce large sets of pairwise disjoint 
TISs of orders 16, 18, 46, 48, 52, and 54, while the similar problem for Mendelsohn 
triple systems remains unsettled. 
Finally, combining Theorems 4.2 and 5.1 gives the following result. 
THEOREM 6.1. D(u) ~ (2/3) . M for all u == 0 or 1 (mod 3) and u ~ 3, where M = 
3( u - 2) is the maximum number of pairwise disjoint TTSs of order u. 
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